Abstract. This paper proves that if N is a nonnegative eligible integer, coprime to 7, which is not of the form x 2 +y 2 +7z 2 , then N is square-free. The proof is modelled on that of a similar theorem by Ono and Soundararajan, in which relations between the number of representations of an integer np 2 by two quadratic forms in the same genus, the pth coefficient of an L-function of a suitable elliptic curve, and the class number formula prove the theorem for large primes, leaving 3 cases which are easily numerically verified.
Introduction.
A quadratic form is a homogeneous polynomial of degree 2 in several variables. It is useful to consider the symmetric n-by-n matrix, A, associated with a quadratic form in n variables, that is, f (x 1 ,x 2 ,...,x n ) = x Ax, where x = (x 1 ,x 2 ,...,x n ). As such, we define the automorphs of f to be the matrices, T , in SL n (Z) such that T −1 AT = A. We say that a quadratic form in n variables, f represents t if there exists an x ∈ Z n such that t = x Ax. We call x primitive if gcd(x 1 ,x 2 ,...,x n ) = 1. Automorphs are significant because x Ax = n implies that T x and T −1 x also satisfy this equation.
We say a nonnegative integer t is eligible with respect to a form f if there are no modularity conditions preventing f from representing n. Note that this does not imply that f represents n.
In [5] , Kaplansky studied the quadratic form φ 1 = x 2 + y 2 + 7z 2 , and proved that certain subsets of the eligible numbers are always represented. First, we have to know what the eligible numbers are. Basic number theory shows that they are the nonnegative integers not of the form 7 2m+1 r , where r is not a quadratic residue modulo 7, that is, r ≡ 3, 5, or 6 (mod 7). Two of the subsets examined by Kaplansky, the set of eligible numbers congruent to 1 (mod 4) and the set of numbers congruent to 2 (mod 3) which are not the product of 14 and a perfect square, are not directly related to the results in this paper. However, Kaplansky also showed that all eligible integers divisible by 4 or 9 can be represented by φ 1 , which brings up the question of whether this pattern holds true for other perfect squares. In general, we see that 
then N is square-free.
Preliminary remarks.
The form φ 1 is in a genus of two forms, the other one being φ 2 = x 2 +2y 2 +2yz +4z 2 . These two forms have the same set of eligible integers, and, as is the case with all genera of ternary quadratic forms, each eligible integer is represented by at least one of them. Let A 1 and A 2 denote the matrices representing the forms φ 1 and φ 2 , respectively. We see that A We say that two representations of an integer by a form are essentially distinct if one cannot be written as the product of the other and an automorph of that form. Let s 1 (n) and s 2 (n) be the number of primitive representations of n by φ 1 and φ 2 , respectively. If r 1 (n) and r 2 (n) are defined to be the total number of representations of n by φ 1 and φ 2 , respectively, G(N) denotes the number of essentially distinct primitive representations of square-free N by the genus in question, and no representations of N are fixed by multiplication by a non-trivial automorph, then
In particular, this holds when N is greater than 1 and is not represented by φ 1 . Also note that r 1 (n) is the nth coefficient in the expansion of Θ(z) 2 Θ(7z), where Θ(n) = n∈Z q n 2 and q = e 2πiz . Define
where q = e 2πiz . By Shimura's general result in [7] pertaining to all quadratic forms with integral coefficients, f ∈ S 3/2 (28,χ −28 ). Thus, g(z), the Shimura lift of f (z), is in M 2 (14,χ 0 ), and from the first proposition in [2] , the number of coefficients needed to recognize a modular form is Nk
so by checking the first 4 coefficients, we see that
From the theory of Eichler and Shimura summarized by Birch and Swinnerton-Dyer in [8] , we know that g will be the inverse Mellin transform of L(E, s), for some elliptic curve of conductor 14. We find an elliptic curve E : y 2 = x 3 +x 2 +72x −368 in [3] with the appropriate conductor, and calculating the first four coefficients of its L-function, we see that E is indeed the curve in question. By Hasse-Weil's bound, for every prime p,
The main result of the paper is restricted to integers coprime to 7, but we can apply the following result to integers divisible by an even power of 7.
Proposition 2.1. φ 1 represents 7 2m n if and only if it represents n.
Proof. It is sufficient to prove the proposition for m = 1. If φ 1 represents n, it clearly represents 49n. The other direction is simple algebra:
. Letting x = 7a, and y = 7b, 49a 2 +
Proof of Theorem 1.1. Our proof is modelled after Ono and Soundararajan's proof in [6] 
Since each A(p) is an eigenvalue of T p for g(z), and the Hecke operators commute with the Shimura lift, A(p) is also an eigenvalue of T p for f (z), and hence λ(p) = A(p).
If n is square-free, a(n/p 2 ) = 0, so by our definition of a(n),
Let us assume that n > 1 is a square-free integer coprime to 7, and p is prime, but not 7. If r 1 (np 2 ) = 0, then r 1 (n) = 0, so
But any non-primitive representation of np 2 has gcd(x,y,z) = p, so
Since n ≠ 1, for any representation of n by φ 2 has (x,y,z) For our exceptional cases; p ≤ 5, A(p) is not positive, so we still obtain a contradiction. Thus, if n is coprime to 7, and p is a prime not equal to 7, φ 1 represents np 2 , and thus φ 1 represents all non-square-free positive integers coprime to 7.
